A new method is presented which allows to interpret steady state pumping test in heterogeneous isotropic transmissivity fields. In contrast to mean uniform flow, the pumping test drawdowns in heterogeneous media cannot be described by a single effective or equivalent value of hydraulic transmissivity. A radially depending description of transmissivity is required, including the parameters 5 of log-transmissivity: mean, variance and correlation length. Such a model is provided by the upscaling procedure Radial Coarse Graining, which describes the transition of near well to far field transmissivity effectively. Based on this approach, an analytical solution for a steady state pumping test drawdown is derived. The so-called effective well flow solution is derived for two cases: the ensemble mean of pumping tests and the drawdown at an individual heterogeneous transmissivity 10 field. The analytical form of the solution allows to inversely estimate the parameters of aquifer heterogeneity. This is shown making use of virtual pumping tests, for both cases the ensemble mean drawdown and pumping tests at individual transmissivity fields. The effective well flow solution reproduces the drawdown for two-dimensional pumping tests in heterogeneous media in contrast to Thiem's solution for homogeneous media. Multiple pumping tests at an individual transmissivity 15 fields, combined in a sampling strategy, are analyzed making use of the effective well flow solution to show that all statistical parameters of aquifer heterogeneity can be inferred under field conditions. Thus, the presented method is a promising tool to estimate parameters of aquifer heterogeneity, in particular variance and horizontal correlation length of log-transmissivity fields from steady state pumping test measurements. 
Introduction
Pumping tests are a widely used tool to identify horizontal hydraulic conductivity, which is the parameter determining the groundwater flow velocity. Analytical solutions of the radial flow equation
are used in practice to analyze measured drawdowns. In general, these solutions assume a constant homogeneous hydraulic conductivity like Thiem's solution for steady state (Thiem, 1906) :
Thiem's solution (1) gives the hydraulic head h Thiem (r) depending on the radial distance r from the well for homogeneous horizontal hydraulic conductivity K h . It is valid in a confined aquifer of thickness D with fully penetrating well and a constant discharge Q w , h(R) is a known reference head at an arbitrary distance R from the well.
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In large scale pumping tests the vertical extension of the aquifer is negligible compared to horizontal aquifer extend. Thus, flow is assumed to be horizontal and modelled as two-dimensional.
Hydraulic conductivity is then replaced by transmissivity, which is defined as the product of conductivity and aquifer thickness T = K h D. In the following, transmissivity will be used instead of horizontal hydraulic conductivity, since the focus of the work will be on two-dimensional well flow.
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Most natural aquifers exhibit geological heterogeneity in the sedimentary composition, which evolved from the complex geomorphological processes through which they were formed. In particular, transmissivity shows a strong spatial variability. Values measured in the field vary over orders of magnitude (Gelhar, 1993) . Geostatistical distributions are generally used to capture the effects of aquifer heterogeneities. Transmissivity T (x) is modelled as log-normally distributed spatial ran- In the stochastic framework, the solution of the radial flow equation with a log-normal distributed 45 transmissivity is also a random spatial function. Since the solution of the stochastic differential equation is out of scope, the focus of investigation was on homogeneous substitute values for describing well flow effectively. As a first approach, Thiem's solution (1) was applied to pumping tests in heterogeneous media. However, this requires a representative transmissivity value T for the whole range of the depression cone (Matheron, 1967) , which does not exist. Effective or equivalent descriptions 50 of transmissivity in pumping tests were investigated, e.g. by Desbarats (1992) ; Sánchez-Vila et al.
(1999); Neuman et al. (2007) ; Dagan and Lessoff (2007) ; Schneider and Attinger (2008) and many more. For a detailed review see Sánchez-Vila et al. (2006) .
In contrast to mean uniform flow, the pumping test drawdowns in heterogeneous media cannot be described by a single constant value of transmissivity (Matheron, 1967) . Different transmissivities 55 characterize the behavior near and far from the well: the representative value close to the well is the harmonic mean of the log-normal transmissivity T H = exp µ − 1 2 σ 2 = T G exp − 1 2 σ 2 . With increasing distance from the well, the drawdown behavior is characterized by the effective transmissivity for uniform flow, which is the geometric mean T G = exp (µ) for flow in two dimensional isotropic porous media.
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It seems obvious, that a representative description of transmissivity for well flow needs to be a radially depending function, which interpolates between the harmonic and the geometric mean. The equivalent transmissivity T eq is a well established approach of a radially depending description, visualized in Fig. 1a . T eq (r) = − Qw 2π(h(r)−h(rw)) ln r rw was derived from Thiem's solution (1) (Matheron, 1967; Indelman et al., 1996; Dagan and Lessoff, 2007) . In this sense, the equivalent transmissivity T eq is defined as the value for a homogeneous medium, which reproduces locally the same total outflow as observed in the heterogeneous domain of radius r. T eq is strongly impacted by the reference point r w and the corresponding head h(r w ), which is generally chosen to be the drawdown at the well h(r w ). Therefore, the equivalent conductivity stays close to the harmonic mean T H , which is representative for the drawdown behavior at the well (Fig. 1a) . It takes more than 20 correlation 70 length for T eq to reach the far field representative value of T G .
It is important to mention, that T eq is not constructed to reproduce the drawdown which was used for calculating T eq . Strictly speaking, replacing the heterogeneous transmissivity field with the equivalent transmissivity in a single forward model does not give the drawdown, with which T eq was constructed as visualized in Fig. 1b . Instead h eq (r) stays close to Thiem's solution with T H as 75 homogeneous substitute value. Schneider and Attinger (2008) introduced a novel approach to describe well flow effectively. They derived a radial adapted transmissivity T RCG (r) by applying the upscaling technique Coarse Graining to well flow. T RCG (r) does not only depend on the radial distance r but also on the statistical parameters of aquifer heterogeneity T G , σ 2 and . T RCG (r) captures the transition from near well to 80 far field representative transmissivities, based on the radial distance to the well and the parameters of aquifer heterogeneity, as visualized in Fig. 1a .
In this study, an analytical solution for the hydraulic head h efw (r) is presented, which is based on the Radial Coarse Graining transmissivity T RCG (r) as an extension to the work of Schneider and Attinger (2008) . Similar work has been done by (Zech et al., 2012) for pumping test in three 85 dimensional porous media. The effective well flow solution h efw (r) describes the mean depression cone of a pumping test in two dimensional heterogeneous media effectively. It can be interpreted as an extension of Thiem's formula (1) to log-normal distributed heterogeneous media. It accounts for the statistical parameters T G , σ 2 and and thus allows to inversely estimate them from measured drawdown data. In contrast to existing head solutions for well flow, h efw (r) is not limited to low 90 variances, but is applicable to highly heterogeneous media with variances σ 2
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In a similar approach Neuman et al. (2004) presented a graphical approach to estimate the statistical parameters of random transmissivity on the basis of steady state head data. The authors constructed a mathematical description for the apparent transmissivity T a (r) as function of the radial distance to the well r from theoretical findings of near and far field representative transmissivity 95 and a cubic polynomial interpolation in between. From T a (r) the authors constructed type curves for the hydraulic head, depending on the variance σ 2 and the correlation length . Neuman et al. (2004) further gave a multi-point strategy to analyze virtually measured drawdown data by type curve matching including parameter estimation.
The Radial Coarse Graining approach is similar to that of Neuman et al. (2004) in the idea of 100 deriving a solution for the head drawdown for well flow depending on the statistics of the random transmissivity using an effective radial depending transmissivity. reproduces the drawdown in heterogeneous media and can be used to inversely estimate the statistical parameters of aquifer heterogeneity for both, ensemble mean and single realizations. In Sect. 4, a sampling strategy is presented to infer the parameters of aquifer heterogeneity of an individual transmissivity fields from multiple pumping tests at multiple locations making use of h efw (r). Concluding 120 remarks are given in Sect. 5.
2 Radial coarse graining transmissivity and effective well flow head 2.1 Steady state well flow with radially depending transmissivity
The drawdown of a steady state pumping test with a radially depending transmissivity T (r) is given as the solution of the differential equation:
The equation can be solved in dh dr by separation of variables, resulting in
The hydraulic head h(r) is then given as the solution of the integral
The integration constant C 1 is determined by the boundary condition. Supposing a constant flux 130 boundary condition at the well, gives
rw T (rw) and thus,
Equation (3) is the general solution of the radial flow equation (2) for radially depending transmissivity, independent of the functional form of T (r). , which is only fulfilled, when T (r) is constant in r.
Concept of Radial Coarse Graining
A radial-depending transmissivity for log-normally distributed media with Gaussian correlation structure was derived by Schneider and Attinger (2008) , denoted as T RCG (r). It is based on the (2003) showed, that the statistical parameters relate to the parameter of the unfiltered field by σ 2 λ ≡ σ 2 2 2 +λ 2 /4 and λ ≡ 2 + λ 2 /4 1/2 .
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The concept of Coarse Graining can similarly be applied to non-uniform flow (step 2). The critical point when transferring the results of Attinger (2003) to radial flow is the Fourier backtransformation of the filtered head equation after localization. For uniform flow, this can be done due to the reasonable assumption of constant head gradient. For non-uniform flow, this assumption is not valid and thus, localization is not possible straight ahead.
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A heuristic approach is taken to overcome the limitation of non-locality for well flow (step 3).
Conditions of a quasi-constant head gradient are constructed by adapting the size of the volume elements over which flow takes place. The head gradient in well flow is proportional to the reciprocal of the distance to the well:
The gradient is constant for volumes of size proportional to r. The step can be understood as a change from an equidistant Cartesian coordinate 170 system to a polar coordinate system with cell sizes increasing with distance to the center, where the pumping well is located. Under this adaption, localization can be performed and so the following steps of the Coarse Graining procedure.
The changed coordinate system impacts on the scaling procedure and the parameter λ. For uniform flow, λ is constant. Adapted to well flow, the scaling parameter needs to be proportional to r, because 175 the filter width increases with distance to the well, thus λ/2 = ζr. The result is an upscaled lognormal distributed field T RCG r (x) with an arithmetic mean T RCG A (r) and a filtered fluctuation term.
The step was presented by Schneider and Attinger (2008) . It is not performed in a mathematically straight way, but problem adapted to well flow conditions.
Radial Coarse Graining Transmissivity

180
Spatial heterogeneity is still resolved in T RCG r (x), although reduced to the amount relevant to the pumping test. A further step of averaging is necessary to derive an effective description of the transmissivity for well flow conditions. Thereby, two different aspects are of interest: (i) an effective transmissivity for an ensemble and (ii) effective transmissivity for an individual field.
A result for an effective ensemble description is derived by averaging T RCG r (x) appropriate 185 to well flow condition. The averaging rule is determined by the boundary condition at the well, which is the harmonic mean for two-dimensional well flow (Dagan, 1989) . Thus, the effective mean transmissivity, noticed by T RCG (r), is calculated via the theoretical description of the harmonic mean for log-normal distributed fields making use of the variance of the coarsened transmissivity
where r is the distance to the well, T G is the geometric mean, σ 2 is the variance and is the correlation length of the log-transmissivity T (x). ζ is a factor of proportionality, which was determined to be ζ = 1.6, as discussed in detail by Zech et al. (2012) .
T RCG (r) can be interpreted as interpolating function between the representative transmissivity at 195 the well T H = T G exp − 1 2 σ 2 to the far field value T G depending on r, controlled by the correlation length (Fig. 1a ).
An effective description of well flow transmissivity for an individual field is derived from Eq (4).
The behavior of individual fields is different especially at the well due to a lack of ergodicity there.
The local transmissivity at the well T well is not identical to the harmonic mean T H as expected 200 for the ensemble, but refers to the specific value of transmissivity at the well location. An adapted radial coarse graining transmissivity accounts for local effects by replacing the harmonic mean T H = 
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T local RCG (r) interpolates between the specific transmissivity at the well T well and the far field value T G depending on the radial distance r and the correlation length .
Effective well flow head
Explicit results for the hydraulic head drawdown in steady state pumping test with a radially depending transmissivity are achieved by solving the integral in Eq. (3) making use of T RCG (r) (Eq. 4). The 210 result is the effective well flow head h efw (r) is given by
where r is the radial distance from the well, Q w is the pumping rate, T G is the geometric mean, σ 2 is the log-transmissivity variance, and is the correlation length. Again, ζ is the factor of pro-215 portionality determined to be 1.6 and R is an arbitrary distance from the well, where the hydraulic
dz is the exponential integral function. Details on the derivation of h efw (r) can be found in the Appendix.
An approximate solution h approx efw (r) is derived from Eq. (6) by making use of an approximation of Γ(x). Details are given in the Appendix.
h efw (r) is constructed to describe the mean drawdown of a pumping test in two dimensional heterogeneous media effectively. The drawdown curve of h efw (r) for a specific choice of parameters (Ensemble A of Table 1) 
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Owing to the nature of the pumping test, the drawdown signal does not sample the heterogeneity in transmissivity in a symmetric way, but the shape of the drawdown is mainly determined by the local heterogeneity close to well.
Impact of parameters
The analytical form of h efw (r) allows to analyze the impact of the statistical parameters T G , σ 2 and 240 on the drawdown. The drawdown behavior for different choices of parameters can be seen in Fig. 2 , which is discussed in detail later on.
Every parameter impacts on the drawdown in a different region. The geometric mean T G as representative value for mean uniform flow determines the far field behavior. The variance σ 2 determines the drawdown at the well due to the dependence of the near-well asymptotic value
The larger the variance the larger are the differences between T G and T H and the steeper is the drawdown at the well. Whereas, the correlation length determines the transition from near to far field behavior. s The asymptotic behavior of h efw (r) can easily be analyzed using approximate functional description in Eq. (7): for distances close to the well, thus r , h efw (r)
converges to Thiem's solution with T H as homogeneous substitute value. All terms, except the first one in Eq. (7), tend to zero or become constant. Thus, they are negligible compared to logarithmic first term for very small r,
For large distances from the well, i.e. r , the solution converges to Thiem's solution with T G as 255 homogeneous substitute value. The third and fourth term in Eq. (7) tend to zero and cancel out. The ones in the second term can be neglected, thus
The larger the correlation length the longer takes the transition of the drawdown from near well to far field behavior. The influence of on h efw (r) vanishes quickly with increasing distance to 260 the well. The drawdown reaches the far field behavior after approximately two correlation lengths h efw (r > 2 ) = h Thiem (r > 2 ) with T G as homogeneous substitute value (Fig. 1b) . These findings are in line with the results of Neuman et al. (2004) .
3 Robust estimation of statistical parameters 3.1 Numerical pumping tests
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Numerical pumping tests in heterogeneous porous media were generated as artificial measurements.
They were used to test the capability of h efw (r) in reproducing the mean drawdown and in estimating the underlying parameters of heterogeneity. Pumping tests were simulated using the finite element software OpenGeoSys. The software was successfully tested against a wide range of benchmarks (Kolditz et al., 2012) . Results of a steady state simulation with homogeneous transmissivity were in Log-normally distributed, Gaussian correlated transmissivity fields were generated using a statistical field generator based on the randomization method (Heße et al., 2014) . Multiple ensembles 280 with different statistical parameter values were generated, including high variances up to σ 2 = 4 (Table 1). Ensemble A with T G = 10 −4 m 2 s −1 , σ 2 = 1 and = 10 m served as reference ensemble for specific cases. Every ensemble consists of N = 5000 realizations, which was tested as sufficiently large to ensure ensemble convergence.
Pumping test simulations were post-processed by performing an angular and an ensemble average.
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For every realization i, the simulated drawdown h i (r, φ) at the radial and angular location (r, φ) in polar coordinates was averaged over the four axial directions: h i (r) = φj h i (r, φ j ) . The ensemble mean was the sum over the angular mean of all individual realizations: h(r) = N i=1 h i (r) . Non-linear regression was used to find the best fitting values for the statistical parameters, denoted byT G ,σ 2 , andˆ . The best fitting estimates were determined by minimizing the mean square error 290 of the difference between the analytical solution h efw (r) and the measured drawdown samples h(r):
2 making use of the Levenberg-Marquardt algorithm. The reliability of the estimated parameters was evaluated using 95 %-confidence intervals.
The estimation procedure was applied to the head measurements at every meter distance starting at the well up to a distance of 80 m. The range beyond 80 m was not taken into account to avoid boundary effects. The range of 80 m includes at least 4 correlation lengths for all tested ensembles, which is sufficient to ensure convergence to the far field behavior. The question of the applicability of h efw (r) on limited head data is of quite complex nature. For a detailed discussion on that issue the reader is referred to Zech et al. (2015) .
Ensemble pumping test interpretation 300
First, the simulated ensemble means were analyzed making use of the ensemble version of T RCG (r) and h efw (r) (Eqs. 4 and 6). Simulated ensemble means h(r) for multiple choices of statistical parameters T G , σ 2 and are visualized in Fig. 2 in combination with h efw (r) for the best fitting parameter estimatesT G ,σ 2 , andˆ . Input parameters as well as inverse estimation results for all tested ensembles are listed in Table 1 .
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The best fitting estimates show, that all three parameters could be inferred from the ensemble mean with a high degree of accuracy. The deviation of the geometric mean from the input value is in general less than 10 %, only for high variances the deviations are up to 30 %. Variances deviate in a range of 20 % and estimated correlation lengths are accurate within 10 % of the initial input parameter.
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The confidence intervals of the estimatesT G andσ 2 are very small, showing a high sensitivity of the effective well flow solution h efw (r) towards geometric mean and variance. The confidence intervals of the correlation length are larger due to the dependence of the estimate ofˆ on the estimatesT G andσ 2 . This is due to the fact, that the correlation length determines the transition from
2 toT G , which results in larger uncertainties in the estimates ofˆ . transmissivity field. This was studied and discussed in detail for pumping tests in three dimensional heterogeneous media by Zech et al. (2015) .
The realization in Fig. 3b does not allow to infer the parameters of variance and correlation length, due to the similarity of T well and T G . Near and far field representative transmissivities are nearly identical, thus the pumping test appears to behave like in a homogeneous medium (Fig. 3b) . However, the 340 behavior is not representative but a result of the coincidental choice of the location of the pumping well.
A statistical analysis of the estimation results is presented in Fig. 4 for all 5000 realizations of Ensemble A. Histogram on the best fitting estimates in normalized form are shown, where normalization of results means that they were divided by the input parameters. It can be inferred that the 345 estimate of the geometric meanT G is in general close to the input value T G . The estimate of the local transmissivity at the wellT well is very close to the sampled values < T well > for nearly all realizations. Thus, the method reproduced very well the local transmissivity at the well. However, the local value T well of every realization can be far from the theoretical value of T H , where both realizations in Fig. 3 gave example. The estimates of the correlation length show a very large scatter.
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Exceptionally large and small value forˆ refer to realizations, where it was nearly impossible to infer it due to the similarity of T well and T G , as for the realization of Fig. 3b . The large range of estimated correlation lengths also point towards the fact thatˆ of a single drawdown needs to be interpreted as a local value, which is determined by the transmissivity distribution in the vicinity of the well rather than the distribution of the entire field. However, the median of the normalized estimated correlation 355 lengths is close to one, pointing to the fact that representative values can be inferred by taking the mean from multiple pumping tests.
Application Example: Single Aquifer Analysis
Pumping test campaigns in the field often include the performance of multiple pumping tests within one aquifer. Drawdown measurements at multiple test locations can be used to gain representative parameters of the heterogeneous transmissivity field. The sampled area increases and the effect of local heterogeneity reduces. In the following, it is shown, how mean T G , variance σ 2 and the correlation length of an individual transmissivity fields can be inferred making use of a sampling strategy in combination with h local efw (r).
Sampling Strategy
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The sampling strategy was constructed as pumping test campaign in a virtual aquifer with heterogeneous transmissivity. A series of steady state pumping tests was performed at n different wells. Each of the 8 pumping tests was analyzed with h local efw (r) (Sect. 2.4). The best fitting estimateŝ T G ,T well , andˆ for all tests were inferred by minimizing the difference between the analytical solution and the 12 measurements. Additionally, parameter estimates were inferred by analyzing the 380 drawdown measurements of all tests jointly.
Aquifer Analysis
The sampling strategy was applied to fields of all ensembles A-G (Table 1) Table 2 .
Analyzing the data from all 8 pumping tests at field D1 jointly yields very close estimates of all 390 parametersT G ,T well (corresponding toσ 2 = 2.255), andˆ to the theoretical and sampled values.
The geometric mean estimate is similar for all of the 8 individual pumping tests. In contrast, the values ofT well vary within one order of magnitude. This behavior was expected, sinceT well represents the local transmissivity value at the pumping well. The wide range of estimates is a results of the high variance of the transmissivity field. The estimates of the correlation lengthˆ differ between 395 the individual tests within a reasonable range of a few meters. The only exception is the estimate for pumping at PW 5 . For this specific pumping test is highly uncertain due to the coincidence of the values ofT well andT G , similar to the realizations in Fig. 3b , as discussed in section 3.3. However, the mean value over the individual tests as well as the estimate from the joint analysis of all measurements gave reliable estimates for the correlation length.
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The analysis of the sampling strategy at field E1 yields similar results as for D1. The geometric mean valuesT G differ little among the 8 individual pumping tests and for the joint analysis. The mean value is double the value as the theoretical one, but close to the sampled geometric mean (Table 2 ). The local transmissivitiesT well again vary within one order of magnitude, reflecting the high variance of the field. The mean and jointly estimated values are higher than theoretical one,
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which is in correspondence to the difference in the geometric mean. The estimates of the correlation lengthˆ deviate in a reasonable range of a few meters, which reflects the impact of the location of the pumping well with regard to the shape of the correlation structure around the well.
Finally, the analysis shows that representative values of the statistical parameters can be determined by performing pumping test at multiple locations of an individual transmissivity field. It was
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shown, that h efw (r) is feasible to interpret steady state pumping tests in highly heterogeneous fields.
Conclusions
The analytical effective well flow solution h efw (r) is presented, which can be interpreted as extension of Thiem's equation to heterogeneous media. h efw (r) depends on the statistical parameters of lognormal distributed transmissivity: geometric mean T G , variance σ 2 and correlation length . h efw (r)
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was derived based on the Radial Coarse Graining transmissivity T RCG (r) introduced by Schneider and Attinger (2008) , which interpolates between the near well and far field representative transmissivities for well flow. Simulation of pumping tests were performed in log-normally distributed transmissivity fields and compared with h efw (r). Based on the results, the following conclusions can be drawn: 420 1. h efw (r) describes the mean drawdown of a pumping test in two dimensional heterogeneous isotropic media effectively. It is not limited to small variance, but is tested to reproduce ensemble means for highly heterogeneous media with variances up to σ 2 = 4.
2. The analytical character of h efw (r) allows to perform inverse estimation of the statistical parameters of the transmissivity fields from measured drawdowns. Geometric mean T G , vari-
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ances σ 2 and correlation length can be estimated for a wide range of parameters with a high accuracy and certainty from ensemble mean drawdowns.
3. Parameter estimates from individual drawdowns reflect local heterogeneity at the well rather than the global statistical parameters of the transmissivity field. 
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The effective well flow head h efw (r) as solution of the well flow equation (2) is derived by solving the integral (Eq. 3) with the analytical expression of T RCG (r) from Eq. (4).
The integral is evaluated analytically by making use of the exponential integral function
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The argument in the exponent in Eq. (A1) is substituted by z(r) = 
The final solution for the effective well flow head as given in Eq. (6) results by re-substituting the abbreviation z(r) = 
The final approximate solution as given in Eq. (7) results by re-substituting z(r) with r 2 = r and r 1 = R and inserting Table 2 .
